Abstract. We consider tilings of a rectangle which is n units wide and m units long by non-overlapping 1 × 1 squares and s × s squares. Bivariate generating functions are computed with the Transfer Matrix Method for moderately large but fixed widths n as a function of the parameter m and of the number of s × s squares in the rectangle.
Definitions
We consider the combinatorial problem of placing non-overlapping squares of shape s × s into rectangles of shape n × m. Comparing the areas nm of the hosting rectangle and the area s 2 of the individual square we find a trivial upper limit for the number k of s × s squares that fit into the rectangle:
The area in the rectangle that is not covered by the s × s squares is tiled with 1 × 1 squares (monomers), of which there are nm − ks 2 . The manuscript is basically an industrial scale evaluation of Heubach's tilings [1] . Definition 1. T n×m (s, k) is the number of ways of tiling the n × m rectangle with k non-overlapping squares of shape s × s and with nm − ks 2 unit squares. Distributions obtained by flipping or rotating the rectangle are considered distinct and counted with multiplicity.
A basic example of such counting on commensurate grids are the tilings of Figure  1 , which shows all variants of distributing two 2 × 2 squares on a 3 × 5 board. The total number of geometries that does not resolve how many squares fill the rectangle is:
Definition 2. The number of ways of tiling the n × m rectangle with 1 × 1 and s × s squares is T n×m (s, k).
Bivariate ordinary generating functions will be noted as follows:
m≥0 k≥0
T n×m (s, k)z m t k ≡ T n (s, z, t). Figure 1 . Illustration of the T 3×5 (2, 2) = 12 ways of placing k = 2 squares of edge length s = 2 in a n × m = 3 × 5 rectangle.
Symmetries
There is always one way of filling the rectangle with monomers only:
(4) T n×m (s, 0) = 1.
If only one s × s square is to be placed, it can be rooted at any of the n − s + 1 vertical and m − s + 1 horizontal grid points:
(5) T n×m (s, 1) = (n − s + 1)(m − s + 1), m, n ≥ s.
Rotating the rectangle (and rotating the embedded squares with it) does not change the count; it is symmetric with respect to interchange of n and m: (6) T n×m (s, k) = T m×n (s, k).
If the rectangle has a width and height that are integer multiples is and js of the square edge s, there is one configuration with full coverage by the s × s squares, not using interstitial monomers:
T is×js (s, ij) = 1, i, j ≥ 1.
If the width or height are too small, only the 1 × 1 squares fit in:
If the width equals the square size, s = n, there is an obvious bijection to filling a line with monomers and straight s-ominos, equal to the number of compositions of m into 1's and k s's:
Transfer Matrix Technique
The bivariate generating functions are constructed with a variant of the Transfer Matrix technique specialized to the tiling combinatorics [2] . The growth front of incrementally adding s × s squares or leaving free space (that is, adding 1 × 1 squares) is encoded in an integer vector of n entries, one per "lane." These vectors are states in the directed graph of all possible fronts, and we construct all states that are reachable starting from a vector of all-zeros by repeatedly/recursively trying to attach a set of squares to the front to reach the next state. The only difference to the earlier strategy with univariate generating functions [2] is that a transition between two states does not only introduce a factor z to indicate that the base line is rolled up by one unit, but also another factor t k where k is the number of blocks of width s that recede to the back of the front line.
The implementation of this is put into concrete in the appendix. A Java program constructs all the reachable states, counts them to get the size of the Transfer Matrix, fills the matrix with the factors of either zero (if the row state is not reachable directly from the column state) or zt k , and writes a Maple program that actually solves the linear system of equations to get the head element of the inverse. The mere limitation is the patience needed to execute the Maple program if the Transfer Matrix (node count in the digraph) exceeds a dimension of, say, 350.
Results
The results are tabulated in the following format of a 4-dimensional table: Each line contains s, then n, then m, then a colon, then a sequence of T n×m (s, k) for k = 0, 1, 2, . . . and finally another colon and the row sum (2) . Univariate generating functions of the row sums are obtained by inserting t = 1 into the bivariate generating function (3). 4.1. 2 × 2 Squares. Putting 2 × 2 squares into rectangles yields: The row sums are tabulated in [3, A245013] . If the rectangle is only 2 units wide, the problem is equivalent to counting monomer-dimer coverings of a stripe, and the Fibonacci numbers appear as row sums [3, A011973]: The generating function is
If the rectangle is 3 units wide, each of the 2 × 2 squares has one more place to slide sideways, The row sums are [3, A001045] (11)
The generating function is
If the rectangle is 4 units wide, there are options to stack the 2 × 2 squares [3, A128101]: The generating function is T_4(2,z,t) = (-z*t+1) / (-z*t -2*z^2*t +z^3*t^2 +z^3*t^3 +1 -z -z^2*t^2), and for the row sums [3, A054854] T_4(2,z,1) = (1-z) / (-2*z -3*z^2 +2*z^3 +1).
If the rectangle is 5 units wide [3, A054855], with generating function T_5(2,z,t) = (-z^2*t^2 -z*t +1) / (-3*z^2*t -z -t^2*z^3 +3*z^4*t^4 +3*z^3*t^3 -4*z^2*t^2 -z*t +1) and with row sums T_5(2,z,1) = (-z^2-z+1) / (-7*z^2 -2*z +2*z^3 +3*z^4 +1).
If the rectangle is 6 units wide [3, A063650] with generating function T_6(2,z,t) = ( -z^5*t^7 +z^4*t^6 +3*z^3*t^4 +2*z^3*t^3 -2*z^2*t^3 -2*z^2*t^2 -2*z*t +1) /(z^7*t^10 +3*z^7*t^9 -z^6*t^9 -3*z^6*t^8 +z^6*t^7 -4*z^5*t^7 -15*z^5*t^6 +3*z^4*t^6 -9*z^5*t^5 +11*z^4*t^5 +12*z^4*t^4 +5*z^3*t^4 +2*z^4*t^3 +10*z^3*t^3 -3*z^2*t^3 -8*z^2*t^2 -3*z^2*t -2*z*t +1 -z), and with row sums T_6(2,z,1) = (z^4 -5*z^2 -z +1)/( -4*z^6 -z^5 +27*z^4 -z^3 -16*z^2 -2*z +1). If it is 7 units wide with generating functions T_7(2,z,t) = ( -6*z^6*t^9 +14*z^4*t^6 +1 -2*z*t -5*z^2*t^2 -7*z^2*t^3 +8*z^3*t^4 +3*z^4*t^5 +z^3*t^3 -6*z^5*t^7) / (24*z^8*t^12 +8*z^8*t^11 +24*z^7*t^10 +18*z^7*t^9 -62*z^6*t^9 -48*z^6*t^8 -6*z^6*t^7 -38*z^5*t^7 -42*z^5*t^6 +42*z^4*t^6 -5*t^5*z^5 +65*z^4*t^5 +30*z^4*t^4 +16*z^3*t^4 +t^3*z^4 +4*z^3*t^3 -11*z^2*t^3 -3*t^2*z^3 -15*z^2*t^2 -4*t*z^2 -2*z*t +1 -z) and T_7(2,z,1) = ( -6*z^6 +17*z^4 +1 -2*z -12*z^2 +9*z^3 -6*z^5) / (32*z^8 +42*z^7 -116*z^6 -85*z^5 +138*z^4 +17*z^3 -30*z^2 -3*z +1). If it is 8 units wide with generating functions T_8(2,z,t) = (1 -85*z^9*t^16 -53*z^8*t^14 +2*z^7*t^14 +49*t^6*z^4 +12*z^6*t^11 +206*t^12*z^7 -10*z^9*t^17 +2*z^6*t^12 -45*z^8*t^13 +43*z^7*t^13 -16*z^8*t^15 +271*z^7*t^11 +11*z^4*t^5 -41*t^9*z^6 -13*z^2*t^3 +5*t^3*z^3 +6*z^3*t^6 -2*z*t^2 -3*z*t +40*z^3*t^4 +33*z^10*t^18 +12*z^11*t^20 -6*z^12*t^22 -2*z^2*t^4 -189*z^5*t^8 +12*z^4*t^7 +37*z^3*t^5 -7*z^2*t^2 -z^8*t^16 +5*z^10*t^19 -6*z^5*t^10 -67*z^5*t^9 -156*z^9*t^15 +39*z^10*t^17 +28*z^11*t^19 -8*z^12*t^21 +75*t^10*z^7 +t^12*z^8 -85*t^14*z^9 -2*z^12*t^20 +12*t^18*z^11 -104*z^5*t^7 +17*z^10*t^16 -4*z^6*t^8 -12*t^6*z^5 +2*z^4*t^4)/(1 -592*z^9*t^16 -105*z^6*t^10 -175*z^8*t^14 +8*z^7*t^14 +192*t^6*z^4 +4*z^6*t^11 +935*t^12*z^7 -33*z^8*t^10 -65*z^9*t^17 -118*z^9*t^12 +2*z^6*t^12 -202*z^8*t^13 +50*z^7*t^8 +154*z^7*t^13 -44*z^8*t^15 +2152*z^7*t^11 +207*z^4*t^5 -426*t^9*z^6 -23*z^2*t^3 +17*t^3*z^3 +8*z^3*t^6 -z -2*z*t^2 -3*z*t +88*z^3*t^4 -88*z^6*t^7 -16*z^12*t^18 +2*z^13*t^20 +110*t^14*z^10 +7*t^16*z^11 +10*z^11*t^21 -5*z^12*t^23 +203*z^10*t^18 +157*z^11*t^20 -69*z^12*t^22 -2*z^9*t^18 -3*z^2*t^4 -607*z^5*t^8 +41*z^4*t^7 +2*z^4*t^8 +60*z^3*t^5 -20*z^2*t^2 -2*z^3*t^2 -4*z^2*t -3*z^8*t^16 +27*z^10*t^19 +z^10*t^20 -12*z^5*t^10 -156*z^5*t^9 -1992*z^9*t^15 +542*z^10*t^17 +755*z^11*t^19 -273*z^12*t^21 -12*z^13*t^24 +6*z^14*t^26 +4*z^4*t^3 +z^5*t^4 +44*t^25*z^14 -100*t^23*z^13 +1612*t^10*z^7 -41*t^12*z^8 -2484*t^14*z^9 -329*z^12*t^20 +54*z^14*t^24 +1208*t^18*z^11 -720*z^5*t^7 -194*z^13*t^22 +611*z^10*t^16 -219*z^6*t^8 -284*t^6*z^5 -206*t^11*z^8 +673*z^11*t^17 -88*z^13*t^21 +268*t^15*z^10 +16*t^23*z^14 -178*z^12*t^19 -922*z^9*t^13 +519*t^9*z^7 +68*z^4*t^4 -13*z^6*t^6 -22*z^5*t^5) and T_8(2,z,1) = (1 -16*z^12 +74*z^4 +597*z^7 -114*z^8 -336*z^9 -31*z^6 +52*z^11 +94*z^10 +88*z^3 -22*z^2 -378*z^5 -5*z)/(1 +120*z^14 -870*z^12 +514*z^4 +5430*z^7 -704*z^8 -6175*z^9 -845*z^6 +2810*z^11 +1762*z^10 +171*z^3 -50*z^2 -1800*z^5 -6*z -392*z^13) A subset of these results where n = m collects the of ways of placing 2×2 squares into other squares [3, A193580,A063443]: 
If the rectangle is only 3 units wide, the problem is equivalent to tiling a 1 × m board with monomers and straight trimers, see (9) and [3, A102547]:
More generally one may account for the additional freedom with a factor n − s + 1 for each of the k squares if the width remains smaller than twice the square's size:
This is echoed in the generating function (3):
If the rectangle is at least twice as wide as the square, n = 2s, squares may be stacked along the short direction: with generating function T_6(3,z,t) = ( -z^2*t +1 -z^3*t^2)/( -3*z^3*t -z^4*t^2 +1 -z^2*t -2*z^3*t^2 -z +z^5*t^3 +z^6*t^4 +2*z^5*t^2 +2*z^6*t^3), and the associated generating function of the row sums T_6(3,z,1) = ( -z^2 +1 -z^3)/( -5*z^3 -z^4 +1 -z^2 -z +3*z^5 +3*z^6). If the rectangle is 7 units wide with generating function T_7(3,z,t) = (z^6*t^4 -z^5*t^3 -3*z^3*t^2 -z^4*t^2 -z^2*t +1)/( -3*z^9*t^6 +3*z^8*t^5 +4*z^7*t^4 +10*z^6*t^4 +z^7*t^3 +z^8*t^4 +2*z^5*t^3 -4*z^4*t^2 -6*z^3*t^2 +2*z^6*t^3 -4*z^3*t -z^2*t -z^9*t^5 -z +1) and generating function T_7(3,z,1) = (z^6 -z^5 -3*z^3 -z^4 -z^2 +1)/( -4*z^9 +4*z^8 +5*z^7 +12*z^6 +2*z^5 -4*z^4 -10*z^3 -z^2 -z +1) for the row sums. If the rectangle is 8 units wide with generating function T_8(3,z,t) = ( -z^8*t^5 +2*z^7*t^4 +z^5*t^3 -6*z^3*t^2 +1 +5*z^6*t^4 -2*z^2*t -z^4*t^2 +z^6*t^3 -z^9*t^6)/(6*z^12*t^8 +6*z^11*t^7 -13*z^10*t^6 -31*z^9*t^6 -7*z^9*t^5 -7*z^8*t^5 +2*z^8*t^4 +13*z^7*t^4 +41*z^6*t^4 +t^3*z^7 +4*z^6*t^3 +13*z^5*t^3 +z^5*t^2 -7*z^4*t^2 -12*z^3*t^2 -4*z^3*t -2*z^2*t +1 -z) with row sums T_8(3,z,1) = ( -z^8 +2*z^7 +z^5 -6*z^3 +1 +6*z^6 -2*z^2 -z^4 -z^9) /(6*z^12 +6*z^11 -13*z^10 -38*z^9 -5*z^8 +14*z^7 +45*z^6 +14*z^5 -7*z^4 -16*z^3 -2*z^2 +1 -z). If the rectangle is 9 units wide with generating function T_9(3,z,t) = (1 +2*z^8*t^4 -6*z^10*t^6 -12*z^3*t^2 -2*z^2*t +5*t^10*z^14 -5*z^3*t^3 -2*z^5*t^3 +10*z^6*t^6 -t^14*z^18 +40*z^6*t^5 -z^15*t^15 -19*z^11*t^9 +32*z^12*t^10 -50*z^10*t^8 -53*z^9*t^7 -2*z^9*t^6 +23*z^13*t^10 +6*z^14*t^11 +13*t^5*z^8 +12*t^4*z^7 -4*z^12*t^9 -32*t^8*z^11 +z^17*t^16 -z^21*t^19 +3*z^18*t^17 +z^19*t^17 -z^20*t^17 +7*z^18*t^16 +z^20*t^18 +5*z^12*t^12 -19*z^15*t^14 -57*z^9*t^8 -29*t^7*z^10 +12*z^7*t^6 -10*z^9*t^9 +12*z^13*t^11 +13*z^14*t^12 -3*z^10*t^9 +8*z^11*t^10 +45*z^12*t^11 -5*z^14*t^13 -2*z^13*t^12 -4*z^4*t^2 +40*z^7*t^5 +8*z^8*t^6 +32*z^6*t^4 +4*z^9*t^5 -7*z^4*t^3 +5*z^5*t^4 -7*z^8*t^7 +2*t^3*z^6 +5*t^14*z^17 +t^13*z^17 -14*t^13*z^15 +t^14*z^16 +t^15*z^18 -4*t^13*z^16 +2*t^11*z^15 +2*t^12*z^15 -4*z^17*t^15 -4*z^13*t^9 -4*z^11*t^7 -t^8*z^12)/(1 +14*z^8*t^4 -110*z^10*t^6 -22*z^3*t^2 +34*t^9*z^14 -2*z^2*t +264*t^10*z^14 -6*z^3*t^3 -5*z^3*t +52*t^8*z^13 +29*t^11*z^16 +13*z^5*t^3 +15*z^6*t^6 -19*t^14*z^18 +6*t^10*z^15 -z +2*z^9*t^4 -3*z^21*t^20 -z^23*t^21 -6*z^23*t^20 -6*z^22*t^19 +7*z^24*t^21 +7*z^21*t^16 -5*z^21*t^17 +7*z^23*t^19 +3*z^16*t^15 -7*z^20*t^15 +96*z^6*t^5 -6*z^15*t^15 +34*z^11*t^9 +526*z^12*t^10 -238*z^10*t^8 +z^18*t^18 -38*t^12*z^17 -435*z^9*t^7 -2*z^5*t^2 -282*z^9*t^6 +446*z^13*t^10 +190*z^14*t^11 +70*t^5*z^8 +84*t^4*z^7 +417*z^12*t^9 -120*t^8*z^11 -36*z^20*t^16 -z^22*t^20 -51*z^21*t^18 +6*z^17*t^16 -29*z^21*t^19 +29*z^18*t^17 -3*z^19*t^17 +21*z^20*t^17 +153*z^18*t^16 -2*z^20*t^18 +15*z^12*t^12 -99*z^15*t^14 -z^20*t^19 +z^24*t^22 -15*t^13*z^18 -176*z^9*t^8 -431*t^7*z^10 +z^19*t^14 +27*z^7*t^6 -20*z^9*t^9 +114*z^13*t^11 -25*z^14*t^12 -23*z^10*t^9 +15*z^11*t^10 +175*z^12*t^11 -13*z^14*t^13 +2*z^13*t^12 -12*z^4*t^2 +145*z^7*t^5 -28*z^8*t^6 +142*z^6*t^4 -38*z^12*t^7 -23*z^11*t^6 +4*z^7*t^3 -z^9*t^5 -8*z^4*t^3 +7*z^5*t^4 -12*z^8*t^7 +4*t^3*z^6 -102*t^14*z^17 -165*t^12*z^16 -42*t^13*z^17 -371*t^13*z^15 +4*t^14*z^16 +98*t^15*z^18 -4*t^16*z^19 +25*t^15*z^19 -122*t^13*z^16 +14*t^11*z^15 -211*t^12*z^15 +18*z^17*t^15 +254*z^13*t^9 -147*z^11*t^7 -t^8*z^12 +4*t^5*z^10) with row sums T_9(3,z,1) = (10*z^18 -30*z^15 -47*z^11 +19*z^14 +3*z^5 +84*z^6 +16*z^8 -88*z^10 -17*z^3 -2*z^2 -z^21 +1 +z^19 +3*z^17 +29*z^13 +64*z^7 +77*z^12 -118*z^9 -11*z^4 -3*z^16) /(247*z^18 -667*z^15 -241*z^11 +450*z^14 +18*z^5 +257*z^6 +44*z^8 -798*z^10 -33*z^3 -2*z^2 -81*z^21 +8*z^24 +1 -z +19*z^19 -25*z^20 -158*z^17 +868*z^13 +260*z^7 +1094*z^12 -912*z^9 -20*z^4 -251*z^16 -7*z^22) To summarize, here is the number of ways of placing 3 × 3 squares into other squares [3, A276171]: with generating function T_8(4,z,t) = ( -z^2*t +1 +z^6*t^3 -z^4*t^2 -z^3*t)/(2*z^7*t^3 +3*z^7*t^2 -z -z^5*t^2 -4*z^4*t -z^2*t +1 +2*z^6*t^3 -2*z^4*t^2 -z^10*t^5 +z^8*t^4 +3*z^6*t^2 -3*z^10*t^4 +3*z^8*t^3) and associated generating function of the row sums T_8(4,z,1) = ( -z^2 +1 +z^6 -z^4 -z^3) /(5*z^7 -z -z^5 -6*z^4 -z^2 +1 +5*z^6 -4*z^10 +4*z^8). If the rectangle is 9 units wide, T_9(4,z,t) = ( -z^7*t^3 -4*z^4*t^2 -z^6*t^2 -2*z^5*t^2 +4*z^8*t^4 +3*z^9*t^4 -z^10*t^5 +3*z^6*t^3 -z^3*t -z^2*t +1 -z^12*t^6)/(1 +16*z^8*t^4 +7*z^8*t^3 +6*z^6*t^3 -z^2*t +5*z^7*t^3 +2*z^11*t^5 +z^6*t^2 -z +13*z^9*t^4 -7*z^4*t^2 -4*z^5*t^2 -5*z^4*t +4*t^3*z^9 +z^7*t^2 -13*z^12*t^6 -10*z^10*t^5 -8*z^12*t^5 +2*z^14*t^6 -10*z^13*t^6 +3*z^14*t^7 +3*z^16*t^8 -6*z^13*t^5 +2*z^16*t^7 +2*z^11*t^4 +2*z^10*t^3) with row sums T_9(4,z,1) = ( -z^7 -4*z^4 +2*z^6 -2*z^5 +4*z^8 +3*z^9 -z^10 -z^3 -z^2 +1 -z^12) /(1 -z -z^2 -12*z^4 -4*z^5 +7*z^6 +23*z^8 +17*z^9 +6*z^7 +4*z^11 -8*z^10 -21*z^12 +5*z^14 -16*z^13 +5*z^16). In overview, this is the number of ways of placing 4×4 squares into other squares: If the rectangle is 6 to 9 units wide, the counts are described by (18) and (19). If it is 10 units wide, with generating function T_10(5,z,t) = ( -2*z^5*t^2 -z^3*t +1 +z^10*t^4 +z^8*t^3 -z^6*t^2 -z^4*t) /( -z^15*t^6 -4*z^15*t^5 -t^5*z^13 -4*z^13*t^4 +2*z^11*t^4 +3*z^10*t^4 +4*z^11*t^3 +8*z^10*t^3 +2*z^9*t^3 +2*z^8*t^3 +4*z^9*t^2 +4*z^8*t^2 -z^7*t^2 -z^6*t^2 -3*z^5*t^2 -5*z^5*t -z^3*t +1 -z) and for row sums T_10(5,z,1) = ( -2*z^5 -z^3 +1 +z^10 +z^8 -z^6 -z^4)/( -5*z^15 -5*z^13 +6*z^11 +11*z^10 +6*z^9 +6*z^8 -z^7 -z^6 -8*z^5 -z^3 +1 -z). If the rectangle is 11 units wide, with generating function T_11(5,z,t) = (11*z^10*t^4 +2*z^8*t^3 -z^8*t^2 -z^10*t^3 +z^20*t^8 +4*z^12*t^4 -6*z^15*t^6 -3*z^9*t^3 -z^4*t +2*z^13*t^5 -4*z^6*t^2 -4*z^16*t^6 +7*z^11*t^4 -2*z^7*t^2 +1 -6*z^5*t^2 -z^3*t -z^18*t^7 +3*z^14*t^5)/(1 -z -4*z^13*t^5 -6*z^5*t -9*z^5*t^2 -4*z^7*t^2 +16*z^10*t^3 +14*z^14*t^5 +28*z^11*t^4 -4*z^6*t^2 +29*z^10*t^4 +4*z^9*t^3 -39*z^15*t^6 -z^3*t +5*z^8*t^3 -27*z^15*t^5 +3*z^15*t^4 +9*z^14*t^4 -31*z^16*t^6 +19*z^20*t^8 +6*z^12*t^3 +11*z^11*t^3 -21*z^16*t^5 +3*z^23*t^9 +18*z^20*t^7 -10*z^19*t^7 -7*z^18*t^7 -9*z^19*t^6 -6*z^18*t^6 +3*z^23*t^8 +z^13*t^4 -3*z^25*t^10 -16*z^17*t^6 +13*z^21*t^8 +2*z^8*t^2 +15*z^12*t^4 -3*z^25*t^9 +12*z^21*t^7 +2*z^9*t^2 +3*z^13*t^3 -12*z^17*t^5) and with row sums T_11(5,z,1) = (10*z^10 +z^8 +z^20 +4*z^12 -6*z^15 -3*z^9 -z^4 +2*z^13 -4*z^6 -4*z^16 +7*z^11 -2*z^7 +1 -6*z^5 -z^3 -z^18 +3*z^14)/(1 +37*z^20 -6*z^25 -z +6*z^23 -19*z^19 -13*z^18 +23*z^14 +7*z^8 +21*z^12 -63*z^15 +6*z^9 -4*z^6 -52*z^16 +45*z^10 +39*z^11 -4*z^7 -15*z^5 -z^3 -28*z^17 +25*z^21). Here is the number of ways of placing 5 × 5 squares into other squares: with generating function T_12(6,z,t) = ( -2*z^6*t^2 -z^4*t +2*z^9*t^3 +1 -z^3*t +z^12*t^4 +2*z^10*t^3 -z^15*t^5 -z^7*t^2 -z^5*t)/(1 +z^21*t^7 +3*z^9*t^3 -z^3*t +2*z^13*t^4 -z^8*t^2 +10*z^12*t^3 -5*z^18*t^5 +5*z^13*t^3 +3*z^11*t^3 -z^18*t^6 +5*z^11*t^2 +5*z^21*t^6 -3*z^15*t^5 -10*z^15*t^4 +5*z^9*t^2 -z -z^7*t^2 -3*z^6*t^2 +5*z^10*t^2 -6*z^6*t -3*z^16*t^5 +3*z^10*t^3 +3*z^12*t^4 -10*z^16*t^4) and with row sums T_12(6,z,1) = ( -2*z^6 -z^4 +2*z^9 +1 -z^3 +z^12 +2*z^10 -z^15 -z^7 -z^5) /(1 +8*z^10 +6*z^21 -13*z^16 -6*z^18 -z -z^3 +8*z^9 -z^8 +7*z^13 -9*z^6 -13*z^15 +8*z^11 -z^7 +13*z^12). If the rectangle is 13 units wide, with generating function T_13(6,z,t) = (1 +6*z^21*t^7 +7*z^24*t^8 -z^27*t^9 -18*z^19*t^6 -z^30*t^10 +2*z^22*t^7 +13*z^14*t^4 +6*z^25*t^8 +16*z^13*t^4 -2*z^16*t^5 +2*z^17*t^5 -11*z^20*t^6 -17*z^18*t^6 -11*z^15*t^5 -z^12*t^3 +6*z^15*t^4 -t^2*z^10 -2*t^2*z^9 -z^3*t +6*z^9*t^3 -z^5*t -7*z^6*t^2 -5*z^7*t^2 -z^4*t +17*z^12*t^4 -3*z^11*t^3 -3*z^8*t^2 +5*z^10*t^3)/(1 +4*t^3*z^16 -z +39*z^21*t^7 +58*z^24*t^8 -19*z^27*t^9 -81*z^19*t^6 -22*z^30*t^10 -24*z^27*t^8 -64*z^19*t^5 +68*z^24*t^7 -28*z^30*t^9 +8*z^22*t^6 +12*z^14*t^3 +72*z^25*t^7 +14*z^22*t^7 +30*z^14*t^4 +67*z^25*t^8 +40*z^13*t^4 -26*z^16*t^5 +11*z^17*t^5 -66*z^20*t^6 +15*z^21*t^6 -68*z^18*t^6 -29*z^15*t^5 +26*z^12*t^3 -5*z^15*t^4 +3*t^2*z^10 +3*t^2*z^9 -7*z^6*t -z^3*t +12*t^4*z^17 -8*t^8*z^28 -4*z^23*t^7 -8*t^6*z^23 +9*z^9*t^3 -63*z^18*t^5 +19*z^13*t^3 -10*z^6*t^2 +39*z^26*t^8 +44*z^26*t^7 -24*t^5*z^21 -52*t^5*z^20 -4*z^7*t^2 +3*z^33*t^11 +4*z^33*t^10 -11*t^4*z^16 +4*z^18*t^4 +3*z^36*t^12 +4*z^36*t^11 -7*z^28*t^9 +38*z^12*t^4 +7*z^11*t^3 +3*t^2*z^11 -19*z^31*t^10 -24*z^31*t^9 +8*z^15*t^3 -4*z^8*t^2 +8*z^10*t^3) and with row sums T_13(6,z,1) = (1 -3*z^11 -3*z^8 +6*z^21 +7*z^24 -z^27 -18*z^19 +2*z^22 +13*z^14 +6*z^25 +16*z^13 -2*z^16 +2*z^17 -11*z^20 -17*z^18 -5*z^15 +16*z^12 +4*z^10 +4*z^9 -z^3 -z^5 -7*z^6 -5*z^7 -z^4 -z^30)/(1 -z +10*z^11 -4*z^8 +30*z^21 +126*z^24 -43*z^27 -145*z^19 +22*z^22 +42*z^14 +139*z^25 +59*z^13 -33*z^16 +23*z^17 -118*z^20 -127*z^18 -26*z^15 +64*z^12 +11*z^10 +12*z^9 -z^3 -17*z^6 -4*z^7 -50*z^30 +7*z^36 -15*z^28 -12*z^23 +83*z^26 +7*z^33 -43*z^31) .
This is the number of ways of placing 6 × 6 squares into other squares:
4.7. 8×8 and larger Squares. This is the number of ways of placing 8×8 squares into other squares: The data base constructed above allows some extrapolations while s > 1:
(24) T 2s×(2s+1) (s, 2) = 1 + 10s + 4s 2 .
(25) T 2s×(2s+1) (s, 3) = 2 + 16s.
(26) T 2s×(2s+1) (s, 4) = 9.
While s > 2:
Conjecture 2.
(27) T 2s×(2s+2) (s, 2) = 3 + 18s + 7s 2 .
(28) T 2s×(2s+2) (s, 3) = 8 + 40s.
(29) T 2s×(2s+2) (s, 4) = 36.
